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EXAMPLES The Speed of Sound

At different altitudes in earth’s atmosphere, sound travels at different speeds. The
speed of sound s(x) (in meters per second) can be modeled by

—dx + 341, 0<€£x <115

295, 115<x <22
, s(x) = { 3% + 2785, 2 <x< 32
£ 2x + 254.5, 32 < x <50
: —3x + 404.5, 50 < x < 80

The first person to fly at a speed greater ~ where x is the altitude in kilometers (see Figure 4.34). What is the average speed of

then the speed of sound was Charles sound over the interval [0, 80]?
Yeager. Cn October 14, 1947, flying in

A t lti f . ; ; ; ; .
?g’; Iiiizgoéﬁégla\rf]:agera CVSS I::?Odcieod at Solution  Begin by integrating s(x) over the interval [0, 80]. To do this, you can break

299.5 meters per second. If Yeager had the integral into five parts.

been flying at an altitude under 10.375 115 115

kﬂome‘[ers, his Speed of 299.5 meters f S(X) dx = j (_4x e 341) dx = 3657
per second would not have “broken 0 o

the sound barrier” The illustration 29 55

above shows the X-7 and its B-29 f s(x) dx = (295) dx = 3097.5
mother plane. 115 fais

32 32
f s(x) dx = f (3x + 278.5) dx = 2987.5
22

J’SD slx) dx =
i
f s(x) dx =
50

By adding the values of the five integrals, you have

3% + 254.5) dx = 5688

22
50 (
).
80
f (=2x + 404.5) dx = 9210
50
80
f s(x) dx = 24,640.
0

Therefore, the average speed of sound from an altitude of 0 kilometers to an altitude
of 80 kilometers is

80

Average speed = L] s(x) dx
80 J,

24,640

0 308 meters per second.

Speed of sound (in m/sec)

280

Altitude (in km)

Speed of sound depends on altitude.
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Representative Asidsiof Representative
disc

rectangle

revolution

Plane region

R
=g e x=b
Ax
Solid of
revolution L] Approximation
Ax by n discs
Disc method
Figure 6.15

This approximation appears to become better and better as ||A||— 0 (n — oo). There-
fore, you can define the volume of the solid as

M

i NE
Volume of solid |h1\1r_r)1 7y [R(x,)]? Ax

lal—o0 =4
b
- f [R(x)]? dx.
a
v=n [ R dx Schematically, the disc method looks like this.
Axi— =l Known Precalculus Representative New Integration
Formula Element Formula
. Solid of revolution
R(x) Volume of disc = AV = a[R(x, ]2 Ax b

V= aR%w Ve n‘j [R(x)]? dx

a
A similar formula can be derived if the axis of revolution is vertical.
Horizontal axis of revolution

The Disc Method

’ - To find the volume of a solid of revolution with the disc method, use one of the
d V=r [[[RO)?dy following, as indicated in Figure 6.16.
A

Horizontal Axis of Revolution Vertical Axis of Revolution

b d
Volume = V = J [R(x)]? dx Volume = V = j [R(y)]2dy

R(y)

Vertical axis of revolution
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Rectangle Rule (Using Left-Hand Endpoints)

b—a

[fCxo) + flxn) + - + Flxn,—1)]

Lbf(x)dx ==

n

Notice you should stop at x, -1, not x;,.
If we use the right-hand endpoints instead, we get a slightly different

Q:‘- rectangle rule.

8 b~a
J flx)dx = —n—[f'(xl) +flxe) + ...+ flx,)]

y=7flx) //

o % ~
7

.

a:x{, ESY Xog Xg X4 x5=b

AR

X

b
Approximating the definite integral J flx)dx with
rectangles. g



If we choose rectangles whose height is given by the value of the function
at the center of the rectangle, instead of the left-hand endpoint, we get an
approximation of the integral called the midpoint rule

Midpoint Rule

b b xg + 21 x1 + xg Xn-1+ %n
Lﬂ’”d“ " [f( 5 )*‘f( ) )*“'*f(T“)]

where

Kok i) X1 + X9 Xpn -1+ X,
5 5 cee, —2

are the midpoints of the n equal intervals betweena = xy and b = x,.

17y,
77
y=f(x)%/ //
- /// A
)
% A%f/i %%

2
I
=
[=]
7
+
g
RNy
L2
R
=
(1]
I
>

3

Midpoint rule.

Mwh.&'
b g L dw M‘a/
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Trapezoid Rule

b ATy
L[ flc)dx ~ b—ni[f(;‘)) +F(x1) + ...+f(xn_1)+f(::2c:n)ﬂ

Here you include both f(xo) and
out of the fact that the area of a tra

and width W is ELLzRM

f(xx), but only half of each. This comes
pezoid with left height L, right height R,

If instead we replace bits of f(x) with pieces of parabolas that look even
more like f(x), we get Simpson’s rule.

Simpson's Rule

b
f fx)dx

3;“ LfGeo) + 41 @e1) + 2F (o) + -+ + 2F (tn—g) + 4 Ctn_) + fix, )]
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Tomk of =2 here o5 Yhe "ok « g,
A6V

‘3 numbers which are getting very large, or hm b. So the official interpretation
of our improper integral is

®1 [t 1
® | Sai-jim| Ldr=lim | = Jim D-n)=0--n=1

r 1 1
\ W
o in this case, that area actually turned out to be 1.

We will always inter ret an infinite limit improper integral t}us way:

DMUI
f(x)dx = hm[ flx)dx

Sometimes an improper integral gives a finite number, as happened above.
Then we say the improper integral converges. But sometimes the limit is « or
doesn’t exist. Then we say the improper 1nrfegral dwerges

e 5 L g” L-dw A.maa

. Solution This doesn’t look very different from the previous example, but
{vl:x‘ammo, when we take a limit to compute it, we get

@ g b
J Zdx = lim (Inx)
1 X b—w

= %iiti((lnb) —~{0)} =0

1

This one diverges.
gm—

We alzo define

b b
[ fx)dx = lim J flx)dx

and

r Feds = Emf(x)dx i j Pl

for any real number ¢ that we want to use.






=1

= A ‘
Hene g(x)-?;‘w el DG
\i split the integral into two integrals around the ;ﬁl ‘:R.UIJ

problem point.‘s 7\30 ’

2 0 2
[ %

L x2B _, %203 o x2/3
M Now, we will use the same idea as above. Since it doesn’t make sense to
talk about 1/x2/3 at x = 0, we replace the 0 in the first integral by a limit.
0 b
1 . 1
Jf1 i dx = blﬂl»r{)lﬁ J'_l 0 dx

We take the limit as b approaches 0 from the left, since the interval of
integration is all to the left of 0. Then we can compute the integral and take

e

|
B




_‘..-

the limit:

b
. 1 b
Ii =l s 08 1/3 T 1/37 _ —_1\1/37 _
b_{g{f_l T dx blili[[)lk 3x ‘_1 blimo_ [3bY°] - [3(-1)13]1 = 3

Similarly,

2 1 9
I —_dx =l 13* _ 1 1857 _ ranlfs] — A
bfﬁfb o 40 = Jim 8] = lim (3@ - (851°) = 3(2)

2 3
j x—;/3 dx = 3+3(2)'3 ~6.780 = wV\\Ju?e‘o
=1 f
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